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Abstract. A theoretical framework for treating a disordered Ising ternary alfoyB;_,),C1_,

where A and B represent magnetic atoms and C represents non-magnetic atoms is discussed
within the effective-field theory with correlations. The magnetic properties of some disordered
alloys with spinsSa = 3 andSg = 3 (or Sg = 3) are investigated within the framework. We

find some characteristic phenomena for a ferrimagnetic alloy $yth- % such as an interesting

effect of non-magnetic atoms on a compensation point (or points).

1. Introduction

The magnetic properties of a disordered Ising binary allgA , in which the lattice sites

are randomly occupied by two different types of magnetic atom (A and B, with sfins

and Sg) have been investigated by many authors, using a variety of theoretical methods
(molecular-field theory, effective-field theory, CPA, Monte Carlo simulation). In these
studies, there has been some interest shown in the phase diagrams of a disordered binary
alloy consisting of spinsa = Sg = % with a transition temperaturé:(p) as a function

of concentratiorp [1-3]. The phase diagrams have been usefully classified in terms of the
initial slopesaInTc(p)/op of Tc at p = 1 andp = 0, and six (or seven) phases have
been obtained from the possible nine phases, while molecular-field theory (MFT) predicts
only four possible phases. On the other hand, some attention has been paid to the study of
ferrimagnetic disordered binary alloys. In particular, Kaneyathil [4-6] have proposed
recently the possibility of many compensation points in a disordered Ising ferrimagnetic
binary alloy with S, = § and Sg > § as well as a thin ferrimagnetic film.

Amorphous ferromagnetic (or ferrimagnetic) alloys, in particular transition metal—
metalloid (or rare-earth—transition metal-metalloid) glasses, have been well studied exp-
erimentally for the purpose of fundamental research and with a view to technological
applications [7, 8]. They can be described by the general formy/84{4,).C.—, where A
and B represent magnetic atoms with concentratipnsind (1 — p)r, respectively, and C
is the non-magnetic metalloid with concentration-X. The concentration dependence of
Tc has been intensively investigated experimentally, and a good correspondence between
experimental data and mean-field-type predictions can be found in [9]. The temperature
dependence of the total magnetization has been analysed by the use of the MFT [7]. As far
as we are aware, however, the magnetic properties of a disordered ferrimagnetic Ising ternary
alloy have not been discussed so far theoretically using a sophisticated theory superior to the
MFT. In particular, the effects of non-magnetic atoms on a compensation point (or points)
in the ferrimagnetic alloy have not been discussed.
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The aim of this work is to study the theoretical framework for a disordered Ising ternary
alloy (A,B1_,),Ci—, With Sy = % and Sg = S (>3) in the effective-field theory with
correlations (EFT) [10, 11], which is superior to the MFT. The formulation is discussed in
section 2. In section 3, the initial slopésn Tc(p)/dp at p = 1 andp = O for a disordered
Ising ternary alloy withSy = Sg = % are investigated, and the phase diagrams are examined
numerically for the system with the coordination numhet 4. In section 4, we study

the magnetic properties of a disordered Ising ferrimagnetic ternary alloy Sxita % and
Sg = g The effects of non-magnetic atoms on these properties are clarified numerically in
sections 3 and 4.

2. Formulation

We consider a ternary Ising alloy of the type,@i—,).Ci—, with sites randomly occupied
by three different species, where A and B are magnetic atoms and the C atoms are non-
magnetic. The Hamiltonian of the system is given by

H==>"" 3" JuS,Snunjéi& — DY (Sp)°niski 1)

(ij) v,v'=AorB i

where theJ,,, are the exchange interactions between typd typey’ atoms (orJaa =
Ja, Jag = Jga, Jee = Jp), the §7, are the spin variables of the typeatoms,n;, = 1 if
the spini is of typev, and 0 otherwise, and thE(ij) refers to all nearest neighbouis. is
a random variable whose averaged value is giveriéhy = » when the site is occupied
by a magnetic atom. The averaged value:gfis then given by(n;,), = p whenv = A
and (n;,), = 1 — p whenv = B. D is the crystal-field interaction constant @ B atom,
appearing wherfg > % The total magnetizatios of the system is given by

M
N r[pma + (1 — p)mg] (2)
where N is the total number of atoms, and the averaged magnetizations are defined by
N £ Q2
_ (nlASI(SIA>>I’ mg = <nlB$I(S,B))r (3)
(nini)r (nig&i),
with
(nin&i)r =rp
and

(nig&), =r(1—p).
Using both the Ising spin identity and the differential operator technique ([10, 11], and
see the review [12]), the averaged magnetizations can be exactly represented in the forms

: J e
(nini)r <niA§i <H [1 — &+ nja; {Cosr(EA V) + 2855 smh<7A V) }

J

Sz
+ n;gé; {cosf(JABrN) + JTB sinh(JABnV)”» Fa(x) (4a)
r x=0
o= ——(n §i H[1—5-+n- s»{cosr<JA—Bv)+2S? sinh(ﬂvﬂ
° T gk \ ; i T IAS 2 A 5
Sz
+ n;gé; {cosf(JAnV) + #B sinI"(JBnV)H>> Fg(x) (4b)
r x=0
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whereV = 9/dx is a differential operator. The parametedefined whenSg > % is given
by
2_ (nig&((Siz)?))r
(nig&i)r

1 ; - ,
T (&) <niB§i<1:[[l — & +njag; {Cos)—(%V) + 285, &nh(%V) }

Z

A%
+ n_,-Béj{cosr(JBnV) + #B sinh(JBnV)”>> Ge(x)

r

®)

x=0
The functionFa(x) is

_1 Bx
Fa(x) = 2tanf( 5 ) (6)

and the functiongg(x) and Gg(x) are dependent on the value 8§, and are given by
3sin(3Bx/2) + exp(—2DP) sinh(Bx/2)
2 cosh38x/2) + 2exp—2DpB) coshBx/2)
9 cosh38x/2) + exp(—2Dp) coshBx/2)
2 cosh38x/2) + 2exp—2Dp) cosh(Bx/2)
for Sg = 3, wherep = 1/kgT.
Here, it is clear that, if we try to treat all of the spin—spin correlations appearing through

the expansions of (4) exactly, the problem becomes mathematically intractable. In the EFT,
the decoupling approximation, or

({xivxjur - X)) & (o)) () ) o (X)) - (8)
with i # j # --- # k andx;, = S n;,&, has been used. In fact, this approximation
corresponds to the Zernike approximation for the s})IBing ferromagnet [12]. The approx-

imation has been successfully applied to a great number of magnetic systems. Within the
EFT, the magnetizations (4) and the equation (5) are given by

ma = [1 —r+rp {COSP(%V) + 2mp sinh(J—zAV)}

Fg(x) =
(7)

Gp(x) =

+r(1-p) {cosr(JABnV) + % sinh(JAan)” Fa(x) (99)
x=0
mg = [1 —r+rp {cosk(JLZBV) + 2mp sinh(JATBV>}
+r@=p) {cosl‘(JBnV) n % sinh(JBnV)” Fa(x) (9b)
x=0
and
2 JaB : JaB
n°-=|1-—r+rpicos TV + 2ma sinh| TV
+rd-p) {cosh(JBnV) + % sinh(JBnV)” Gg(x) (9)
x=0

wherez is the coordination number.

We are now interested in investigating the magnetic properties of a disordered Ising
ternary alloy. The problems are examined in the following sections by selecting separately
two values ofSg, namelySg = 1 and Sg = 3.
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3. Phase diagrams of a system wittsg = 1/2

In this section, let us study the phase diagram of a disordered Ising ternary alloy with
Sp = Sg = % With this aim, we use the usual argument thgt (« = A or B) tends to

zero as the temperature approaches a critical temperature, which allows us to consider just
terms linear inm,. In particular, the parameter for the system withSg = % is exactly

given byn = % [11]. By the use of these procedures, the critical temperatgréor phase

diagram) of a disordered ternary alloy can be determined by solving the relation

[2zrpKy — 1][2zr(1 — p)Ka — 1] = 4(zr)2p(1 — p)K2K3 (10)
with
z—1
K, = SIhh(—V) |:1 —r+rp COS?‘(—AV) +r(1-p) COS|‘<£V>:| fx)
x=0
(11a)
K JaB Ja AB ot
> = sinh TV 1-r+rpcos ?V +r(1—- p)cosh —V f(x)
x=0
(11b)
K . (I Ja B ot
3 = sinh TV 1-r+4rpcos TV +r(1—- p)cosh —V f(x)
x=0
(11c)

x=0

. (JB Jas J8 o
K4 = smh(EV) [1 —r4rp COSf(TV> +r(1-p) cosk<7V>] fx)
(11d)

where the functionf (x) is defined byf (x) = Fg(x) = Fa(x) given by (6). Tc depends on
the values of/a, Jag, Jg, p, r andz. In particular, one should be aware of the following
facts.

(i) Tc determined from (10) is independent of the sign/ak, or (10) is valid for the
ferromagnetic {ag > 0) case as well as for the antiferromagnetigg( < 0) case.

(i) When r = 1, the relation (10) is equivalent to that for a disordered binary alloy
discussed in [2].

The initial slopesd In Tc(p)/dp at p = 1 andp = 0 can be obtained by differentiating
(10) with respect tg. Without loss of generality, we suppose tHa{p = 1) > Tc(p = 0)
(or Jo > Jg) and also that/ag > O for studying the phase diagram. Then, the simplest
possible phase boundary is a straight-line extrapolatiomdop) betweenTc(0) andTc(1).
Furthermore, the three possible types of behaviour can be identified from the initial slopes
at p = 0: (1) a slope greater than that of the linear extrapolation, (2) a slope less than that
of the linear extrapolation but greater than zero, and (3) a slope less than zero. There are
also three similar types of behaviourat= 1. These phase boundaries can be given by the
following relations:

[Bln Tc(p):| _0 (123)
ap p=1
[3 In TC(P)] _Telp= 1) —Tc(p =0
p=1

(120)
ap Tc(p=1
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Figure 1. Possible kinds of phase diagram in the spaégs/+/JaJs, Jg/Ja) of the Ising
ferromagnetic ternary alloy with = 4 (on a square lattice), when the two valuesroére
selected. In particular, the results for= 1 (solid lines) are equivalent to those for the Ising
binary alloy [2]. The dashed lines represent the results-fer 0.7. The six kinds of phase
diagram(S, S, A, A’, B and B;) are shown, where the nomenclature of [1] is used. The black
points a—d are the points for which the complete phase boundaries are shown in figure 2.

[Bln Tc(p)} _0 (1)
8p p=0
[3 In TC(P)} _ Tc(p=1D)—-Tc(p=0) (12d)
op p=0 Tc(p=0)

Nine phase diagrams may be possible from these phase boundaries. But, one should
note the following facts. The initial slopes by no means provide a complete description
of the phase diagram obtained by solving (10) numerically, namely obtaifing) as a
function of p. They do however, severely restrict what can occur and so can be used as
the basis of a classification scheme.

We are in a position to examine the phase diagrams of a system by solving (10) and (12)
numerically. In order to compare them with the previous ones obtained for a disordered
Ising binary alloy [2], the numerical results are shown for a square lattiee 4).

Figure 1 shows a classification of the phase diagrams of the system with which is
plotted in the spacé/ag/~/JaJs, Jg/Ja), for two selected values ef (r = 1 andr = 0.7).
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Figure 2. Complete phase boundaries for= 4. The ratios(Jag/v/JaJs, Jg/Ja) for the

black points a—d marked in figure 1 are as follows: a: (0.2, 0.3); b: (1.0, 0.3); c: (1.5, 0.3) and
d: (2.5, 0.3). The dashed lines are to guide the eye only. Parts (a) and (b) are respectively for
r=1andr =0.7.

The results have been determined from the initial slopes (12). In the figure, we used the
same notation in describing the kinds of phase diagram as was used in [1-3], namely
T,A,A’,B,B1, S, S, S and §. The results for = 1 are equivalent to those found in [2] for
the binary Ising alloy withy = 4. Only six kinds of phase diagrath, A’, B, B;, S and 9
are permitted from the nine possible phases. Comparing the results=fdr (solid lines)
with those forr = 0.7 (dashed lines), the boundaries obtained frdi#z) and (12¢) are
seen to be insensitive to the variationrofin particular, with the decrease ofthe region
of parameter space in which S antd&cur are extremely expanded, while the regions in
which A and A occur become narrower in comparison with the corresponding regions for
r = 1. Features similar to these have been also observed in the phase diagram of a binary
alloy with random bonds [3]. Thus, such features may be specific characteristics resulting
from the randomness in binary or ternary alloys.

In figure 2, the overall behaviour dfc(p) as a function ofp is depicted; it was
obtained by solving (10) numerically for the systems with- 1 (figure 2(a)) and = 0.7
(figure 2(b)), selecting the special values B, Ja and Jg that are labelled in figure 1
(the black points a—d in figure 1). At first sight, the diagrams seem very similar for the
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Figure 2. (Continued)

two (r = 1 orr = 0.7) cases. Looking at them in detail, however, one can find different
behaviours offc(p), especially in the vicinity ofp = 0, as is expected from figure 1.
Finally, let us examine the effect of dilution dit for the ternary alloy by selecting the
typical values of/ag, Ja and Jg (Jag/Ja = 0.707 andJg/Ja = 0.5) labelled in figure 1
and changing the value gf. The results are shown in figure 3 for five valuesyof In
particular, the curves fop = 1 and p = 0 are equivalent to those for the dilution in
the spin% Ising ferromagnet on a square lattice [14]. As discussed in [14], the critical
concentrationc at which Tc(r) reduces to zero is given by = 0.4284 for the systems
with p =1 andp = 0. When O< p < 1, theTc-curve as a function of reduces to zero
at the same critical concentratiep as those forp = 1 andp = 0. This, indicates that the
decoupling approximation (or the EFT) gives reasonable results for the present problem.

4. Ferrimagnetism in the system withSg = 3/2

In this part, let us study the role of non-magnetic atoms in the magnetic properties of the
disordered lIsing ferrimagnetic ternary alloy with= 3 andSg = %’ since in the previous
work [4] the magnetic properties of the corresponding ferrimagnetic binary aljds A,

have been examined.

The transition temperaturg: of a disordered ternary alloy is then determined from the
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Figure 3. The concentration dependencelef( p) for the diluted Ising ternary alloy with = 4,
when the ratios/ag /Ja and Jg/Ja are fixed at/ag/Ja = 0.707 andJg/Ja = 0.5 and various
values ofp are selected. The results fpr= 1 andp = 0 are equivalent to those for the diluted
Ising binary alloy withz = 4 [13].
relation
R R K
2erpKs = 1)[er(1= 2 — 1] = 20ar12p(a - p) R 13)
1o 1o
with
z—1
I /N
K, = sinh ?V 1—r+r{pcos ?V + (1 — p) cosRJagnoV) Fa(x)
x=0
(14a)
] 770 J z—1
Ky = sinh( A; v) [1 —r+ r{p cosr(EAv) +(@1-p) cosr(JABnOV)” Fa(x)
x=0
(14b)

z—1
Jn V) |:1 —r+ r{p COSl‘(JLZBV> + (1 — p) cosi(JgnoV) }:| Fg(x)
x=0

( (14c)
<

z—1
Jemo V) [1 —r+ r{p cosl-(JLZBV) +@A-p) cosr(JBnOV)”

Fg(x)

x=0

(14d)
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Figure 4. The phase diagranT¢ and Tcomp versusp curves) of the disordered ferrimagnetic
ternary alloy withz = 3, when the parameters are fixed Btg/Ja = —0.5,Jg/Ja =
0.05, D/Ja = 0.0 and the value of is changed fromr = 1.0 to 06. The solid and dashed
lines represent respectively the compensation temperaggige and the Curie temperatut®:

of the system.

p=0.745 Pt
06 - Jp/Ja =105 -
D/Jy=00 Ple

! 1

0.4 0.6

0.0 02

[Jasl
Ja

Figure 5. T¢ (dashed line) andcomp (solid line) for the system witly = 3 plotted as a
function of |Jag|/Ja, When the parameters are fixedpat= 0.745 Jg/Ja = 0.5, D/Ja = 0.0,
and the value of is changed from = 1.0 to 06.
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p=0.745
Jp/Ji =05
D/Js=00
0.010 Jap/Js = ~045
|M]
0.005 .
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Jp/da =105
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0.000
0.
hoT
Ja
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Figure 6. The |M|/N versusT curves for the system witp = 0.745 Jg/Ja = 0.5, D/Ja =
0.0 andz = 3, when the value of is changed fronr = 1.0 to 06 and the three values
of Jag/Ja are selected from the phase diagram of figure/gg/Ja = —0.45 for panel (a),
Jag/Ja = —0.54 for panel (b),Jag/Ja = —0.59 for panel (c).
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Figure 6. (Continued)
where the parametey can be evaluated from

(n0)? = [1 —r+rp cosf(JizB) +1-p) COS'TJBWOV)]L Gg(x) (15)

x=0
A compensation point, at which the total magnetization vanishes below the transition temp-
erature, in the system can be determined by substituting the condition

M

v =0 (16)
in (2). Here, the following fact must be noted: the exchange interadtignis given by a
negative value, in order for the present system to be ferrimagnetic.

Let us now examine the magnetic properties of the ferrimagnetic systemzwitt8

by solving (13), (9) and (16) numerically. Figure 4 shows a typical phase diagfam (
and Tcomp versusp) for the ferrimagnetic system, whehg/Ja = —0.5, Jg/Ja = 0.05,
D/Jan = 0.0 and the value of is changed. For real ferrimagnetic ternary alloys based
on rare earths (RE) and transition metals (T), the relatigt/r_1) > —Jag(Jre_T1) >
Je(Jre_re) is normally satisfied. The solid and dashed lines representdbgr- and Tc-
curves, respectively. When = 1.0, the Tcomp-curve reduces to zero at = 0.75, since
atT = 0K, S, = 5 and Sg = 2 in (16). With the decrease of, the sublattice magnet-
izations atT = 0 K decrease from their saturation values, and hence the critical valpe of
at whichTcomp = 0 may decrease a little, moving to the left-hand side, fypes 0.75. As
shown in figure 4, the region gf in which a compensation point can be obtained becomes
narrow, when the concentration of non-magnetic atoms increases. As far as we are aware,
such a phenomenon has not previously been reported.
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In [4], the possibility of more than one compensation point in a binary ferrimagnetic
alloy with z = 3 has been discussed within the framework of the EFT, seleftjhl, = 0.0,
Js/Ja = 0.5, p = 0.745 and changing the value 0fag/Ja| (see figure 5(a) in [4]). Let
us next study the effect of non-magnetic atoms on Thgvp-curve for the ternary alloy
system withD/Jx = 0.0, Jg/Ja = 0.5 and p = 0.745. The numerical results are depicted
in figure 5. The solid and dashed lines denote Thgyp- and Tc-curves, respectively. The
results labelled = 1.0 are equivalent to those in figure 5(a) of [4] and there is a possibility
of two compensation points over a rather wide regionfag/J/a|. The results of figure 5
indicate some interesting facts.

(i) The possibility of two compensation points becomes gradually less with the increase
in the number of non-magnetic atoms.

(i) The region of|Jag/Ja| in which one can find a compensation point becomes wider
with the decrease of from r = 1.

In particular, phenomenon (ii) is clearly different to what is shown in figure 4.

In order to clarify the prediction of figure 5, the temperature dependence of the total
magnetization|M|/N in the system withp = 0.745 Jg/Ja = 0.5 andD/Jx = 0.0 has
been plotted in figure 6, selecting the special valuedagf/ Ja chosen in figure 5—0.45
for figure 6(a),—0.54 for figure 6(b) and-0.59 for figure 6(c). As is seen from the figures,
one can find some characteristic magnetization curves not predicted inétdetidory of
ferrimagnetism [15, 16], such as the curve labelted 0.7 in figure 6(c).

0.8

Jap/Ja=—2465 Jg/Ja=01
D/Jy=-20

"0.45 0.46 0.47 0.48 0.49 0.50

Figure 7. The phase diagram of the ferrimagnetic system obtained with 3, Jag/Ja =
—2.465 Jg/Jan = 0.1, D/Ja = —2.0 and with the concentration near= 0.5, when the value

of r is changed fronr = 1.0 to 07. The solid and dashed lines represent respectively the
compensation temperatufgomp and the Curie temperatuf& of the system.

Figure 7 shows the possibility of three compensation points in the system with
Jg/Jan = 0.1, Jag/Jn = —2.465 D/Jn = —2.0 andr = 1.0; the result is consistent
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Figure 8. The |M|/N versusT curves for the system obtained wigh = 0.495 Jag/Ja =
—2.465 Jg/Ja = 0.1, D/Ja = —2.0 andz = 3, when the value of is changed from = 1.0
to 0.7.

with that of figure 6(a) in [4]. With the decrease igfthe possibility immediately becomes
an impossibility. For the systems with= 0.9 and 08, only one compensation point is
observed over a wide range pf although the region in which one can find a compensation
point for the system with- = 0.7 becomes narrower than that for= 0.8. In particular,

the effect of non-magnetic atoms on the temperature dependendg &ffor the system
with p = 0.495 Jg/Ja = 0.1, Jag/Ja = —2.465 andD/Ja = —2.0 is shown in figure 8,

for four selected values of. The figure also shows that the three compensation points for
the system with- = 1 quickly become impossible with the decrease- of

5. Conclusions

In this work, we have discussed the theoretical framework for the magnetic properties of
a disordered Ising ternary alloy (81_,),Ci_, consisting of two kinds of magnetic atom,
A and B, with spinsSa = 3 andSg = S (>3), and a non-magnetic atom C, on the basis
of the effective-field theory with correlations. The formulation given in section 2 can be
applied to any system with a certain value %f

In section 3, the formulation was applied to the examination of phase diagrams for the
system withz = 4 (the square lattice) angh = Sg = % As depicted in figures 2 and 3,
the numerical results are reasonable, which also implies that the decoupling approximation
(8) (or the EFT) has physical meaning. Figure 1 clearly shows that with dilution the
regions representing the phases A aridd@crease and instead the regions representing S
and S may increase, although the number of possible phases is always fixed at six. We
have compared our model system without non-magnetic atoms to real materials such as
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Fe—Co-based amorphous alloys and found good agreement [17].

In section 4, we have examined the effects of non-magnetic atoms on the magnetic
properties of the disordered ferrimagnetic Ising ternary alloy with 3. With the decrease
of r, as shown in figure 4, th&-omp-curve for a system withly > —Jag > Jg becomes
narrow in the region ofJag/Jal. As shown in figures 5 and 7, the possibility of more
than one compensation point in the ferrimagnetic binary alloy with 1 is easily removed
by substituting non-magnetic atoms into the alloy. Some interesting thermal variations of
the total magnetization in the ferrimagnetic system are expected with the decreasasof
depicted in figure 6(c).

Finally, the present formulation discussed in section 2 can be applied to a disordered
Ising ternary alloy with an arbitrary value 6§, while in this work we have discussed only
the two systems witt§g = % and Sg = g We assume that study of a ferrimagnetic ternary
alloy system withSg = an integer spin value will be interesting, since tricritical behaviour
may be found for this system with a negative valuelnf18]. We hope to investigate this
problem in the future.
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